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ABSTRACT. The paper starts with an interpretation of the complete lift of a
Poisson structure from a manifoldM to its tangent bundle TM by means of the
Schouten-Nijenhuis bracket of covariant symmetric tensor fields defined by the
cotangent Lie algebroid ofM . Then, we discuss Poisson structures of TM which
have a graded restriction to the fiberwise polynomial algebra; they must be pi-
related (pi : TM →M) with a Poisson structure onM . Furthermore, we define
transversal Poisson structures of a foliation, and discuss bivector fields of TM
which produce graded brackets on the fiberwise polynomial algebra, and are
transversal Poisson structures of the foliation by fibers. Finally, such bivector
fields are produced by a process of horizontal lifting of Poisson structures from
M to TM via connections.
1. The complete lift of a Poisson structure
Let M be an n−dimensional differentiable manifold with local coordinates
(xi), (i = 1, ..., n), π : TM −→ M its tangent bundle and (yi) the vector
coordinates with respect to the basis {∂/∂xi}. (We assume that everything
is C∞ in this paper).
*2000 Mathematics Subject Classification: 53D17.
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Let us consider a Poisson structure on the manifold M, given by the
Poisson bivector
(1.1) w =
1
2
wij
∂
∂xi
∧ ∂
∂xj
(throughout the paper, we use Einstein’s summation convention). The com-
plete lift of w in the sense of [13] is given by
(1.2) wC = wij
∂
∂xi
∧ ∂
∂yj
+
1
2
yk
∂wij
∂xk
∂
∂yi
∧ ∂
∂yj
,
and it follows easily that wC is a Poisson bivector field on TM since the
Poisson condition, namely, that the Schouten-Nijenhuis bracket [wC, wC ] = 0
[9], is satisfied.
The Poisson bivector wC has already been studied by several authors
[10, 11], and it can also be derived from the bracket of the 1−forms of M
with respect to the Poisson structure w (e.g., [9])
(1.3) {α, β} = Lα♯β − Lβ♯α− d(w(α, β)) (α, β ∈ Ω1(M)).
A Pfaff form α = αidx
i on M may be regarded as a fiberwise linear func-
tion l(α) := αi(x)y
i on TM (:= denotes a definition). A Poisson structureW
on TM is completely determined by the brackets {f◦π, g◦π}W , {l(α), f◦π}W
and {l(α), l(β)}W , where f, g ∈ C∞(M) and α, β ∈ Ω1(M), the space of Pfaff
forms on M , since it is completely determined by the brackets of the local
coordinates xi and yj.
The Poisson bivector wC is exactly the one defined by:
i) {f ◦ π, g ◦ π}wC = 0 , ∀f, g ∈ C∞(M);
ii) {l(α), f ◦ π}wC = (α♯f) ◦ π, ∀f ∈ C∞(M), ∀α ∈ Ω1(M),
where ♯w : T
∗M −→ TM is defined by β(α♯) = w(α, β), ∀β ∈ Ω1(M);
iii) {l(α), l(β)}wC = l({α, β}) , ∀α, β ∈ Ω1(M).
wC is a Poisson structure because the bracket (1.3) satisfies the Jacobi
identity.
The Poisson structure wC also has the interesting property
wC = −LEwC, E = yi ∂
∂yi
(E is the Euler vector field), which means that (TM,wC) is a homogeneous
Poisson manifold [10].
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We remind that a Lie algebroid over a manifoldM is a triple (A, [ , ]A, σ),
where p : A −→ M is a vector bundle, [ , ]A is an R−Lie algebra structure
on the space ΓA of the global cross sections of A and σ : A −→ TM is a
morphism of vector bundles, called anchor, such that
i) σ([s1, s2]A) = [σ(s1), σ(s2)], ii) [s1, fs2]A = f [s1, s2]A + ((σs1)f)s2
for every s1, s2 ∈ ΓA, f ∈ C∞(M), and where [ , ] is the Lie bracket of vector
fields on M .
In what follows, we give one more interpretation of the Poisson structure
wC by means of a Schouten-Nijenhuis bracket on a Lie algebroid A.
There exists a well known operation, called the Schouten-Nijenhuis bracket,
on cross sections of V(A) := ⊕kΓ∧kA (e.g., see [4]). A less popular opera-
tion, the Schouten-Nijenhuis bracket of symmetric tensors also exists, and
was studied in an algebraic context and for TM [1]. Here we present this
second operation on the algebra of cross sections S(A) =
⊕
k≥0
Sk(A), where
Sk(A) = Γ⊙kA, A is a Lie algebroid, ⊙ denotes the symmetric tensor prod-
uct, and Γ denotes spaces of global cross sections of bundles. Then, we show
that this operation leads to another definition of the complete lift wC.
For any Lie algebroid A, one has the Lie derivative [1] which is defined
by putting LAs f = Lσ(s)f for functions f ∈ C∞(M), and LAs s′ = [s, s′ ]A
for cross sections s
′ ∈ ΓA, and by extending it to arbitrary cross sections of
Γ((⊗kA)⊗(⊗lA∗)) as in the case of the classical Lie derivative. In particular,
we have the restriction LAs : Sk(A) −→ Sk(A).
PROPOSITION 1.1. There exists a well defined unique extension of local
type of the Lie derivative LAs to an R−bilinear operation
< , >: Sp(A)× Sq(A) −→ Sp+q−1(A) (p, q ≥ 1),
such that
(1.4) < s1 ⊙ ...⊙ sp, t1 ⊙ ...⊙ tq >=
=
p∑
i=1
q∑
j=1
[si, tj]⊙ s1 ⊙ ...⊙ sˆi ⊙ ...⊙ sp ⊙ t1 ⊙ ...⊙ tˆj ⊙ ...⊙ tq ,
where the hat denotes the absence of the corresponding factor.
Proof. “Local type” means that ∀x0 ∈ M and ∀G ∈ Sp(A), H ∈ Sq(A),
< G,H > (x0) depends only on the restriction of the cross sections G, H to
a neighborhood of x0.
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Since, around x0 ∈ M G,H are decomposable into finite sums of prod-
ucts of the form appearing in (1.4), the required extension has an obvious
definition, and we only must show that the result does not depend on the
decomposition.
If H = t1 ⊙ ...⊙ tq, formula (1.4) becomes
(1.5) < s1 ⊙ ...⊙ sp, H >=
p∑
i=1
(LAsiH)⊙ s1 ⊙ ...⊙ sˆi ⊙ ...⊙ sp .
Similarly, if G = s1 ⊙ ...⊙ sp then
(1.6) < G, t1 ⊙ ...⊙ tq >= −
q∑
j=1
(LAtjG)⊙ t1 ⊙ ...⊙ tˆj ⊙ ...⊙ tq .
Formulas (1.5), (1.6) show the required independence of the bracket < G,H >
of the decomposition of G, H .
Note that we may also consider (1.5), (1.6) as the definition of the bracket
< G,H >.
Now, we may extend the bracket < , > to the case where the factors
belong to S0(A) = C
∞(M). Namely, we will put
(1.7) < g, h >= 0, < s1 ⊙ ...⊙ sp, f >= − < f, s1 ⊙ ...⊙ sp >
=
p∑
i=1
(LAsif)s1 ⊙ ...⊙ sˆi ⊙ ...⊙ sp ,
∀f, g, h ∈ C∞(M), si ∈ ΓA. The fact that the second formula (1.7) does not
depend on the decomposition G = s1 ⊙ ...⊙ sp follows by noticing that
LAsif = (dAf)(si) ,
where dA is the exterior differential for the Lie algebroid A [4], whence
(1.8) < G, f >= i(dAf)G,
where the definition used for the operator i is that of [3].
PROPOSITION 1.2. The bracket <,> has the following properties
(1.9) < H,G >= − < G,H > ,
(1.10) < G,H ⊙K >=< G,H > ⊙K +H⊙ < G,K > ,
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∀ G,H,K ∈ S(A).
Proof. The bracket <,> is extended to S(A) by R-bilinearity. Both
relations easily follow from (1.4) and (1.7).
PROPOSITION 1.3. (The Jacobi identity.) ∀F,G,H ∈ S(A),
(1.11) << G,H >,K > + << H,K >,G > + << K,G >,H > = 0 .
Proof. It suffices to prove (1.11) for decomposable G, H, K and this
follows by a technical computation bases on the Jacobi identity satisfied by
the bracket of the cross sections of A.
COROLLARY 1.4. (S(A), <,>) is a Poisson algebra [1] with respect to
the symmetric product ⊙ and the Schouten-Nijenhuis bracket <,> .
Let us consider the particular case of the cotangent Lie algebroid (T ∗M, { , },
♯w) of a Poisson manifold (M,w), where the bracket is that defined by formula
(1.3).
Then
(1.12) S(T ∗M) := ⊕kSk(T ∗M)
is the algebra of the covariant symmetric tensor fields onM, and Corollary 1.4
shows that (S(T ∗M), <,>) is a Poisson algebra with respect to the symmetric
product ⊙ and the Schouten-Nijenhuis bracket <,> of the Lie algebroid
T ∗M.
Notice that, in the present case dT ∗Mf = −Xf , where Xf is the w−Hamil-
tonian vector field of f. Accordingly, (1.8) yields
(1.13) < G, f >= −iXfG (f ∈ C∞(M), G ∈ Sp(T ∗M)).
The function space C∞(TM) has some interesting subspaces. Namely,
the spaces of fiberwise homogeneous k−polynomials
(1.14) HPk(TM) := {G˜ = Gi1...ikyi1...yik/
G = Gi1...ikdx
i1 ⊙ ...⊙ dxik ∈ Sk(T ∗M)} ,
and we have an isomorphism of algebras
(1.15) ι : (S(T ∗M),⊙) −→ (HP(TM) := ⊕kHPk(TM), · )
mapping G to G˜ := ι(G) (the dot denotes usual multiplication). With this
isomorphism, the bracket <,> of symmetric covariant tensor fields is trans-
lated into a bracket of polynomials. Moreover, since the local coordinates xi,
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yj are polynomials of degree zero and one respectively, this bracket defines a
Poisson structure with a Poisson bivector, say W , on TM ; the bracket will
be denoted by { , }W .
PROPOSITION 1.5. The Poisson structure W defined on the tangent
bundle of a Poisson manifold (M,w) by the bracket { , }W coincides with
the Poisson structure wC.
Proof. The brackets {xi, xj}W , {xi, yj}W and {yi, yj}W computed with
<,>, are the same as those produced by (1.2).
COROLLARY 1.6. If G and H are symmetric covariant tensor fields on
M, then
(1.16) ˜< G,H > = {G˜, H˜}wC ,
and (1.15) is a corresponding isomorphism of Poisson algebras.
In the remaining part of this section we will compute the modular class
of the Poisson structure wC.
If µ is a volume form on an orientable manifold M, the divergence divµX
of a vector field X is defined by the condition
LXµ = (divµX)µ ,
and one has
divµ(fX) = fdivµX + Xf , f ∈ C∞(M) .
Accordingly, if (M,w) is a Poisson manifold endowed with a volume form µ,
the operator
∆µ : f ∈ C∞(M) 7−→ divµXf ∈ C∞(M)
is a derivation on C∞(M), so it is a vector field on the manifold M, called
the modular vector field of (M,w, µ) (see [5, 12]).
Denote by V i(M) the space of i-vector fields of a manifold M, i.e., skew
symmetric contravariant tensor fields of type (i, 0) on M, and V(M) =
(
n⊕
i=1
V i(M),∧) the contravariant Grassmann algebra ofM. On a Poisson man-
ifold (M,w), the Lichnerowicz-Poisson coboundary operator is
σ := −[w, . ] : Vk(M) −→ Vk+1(M) ,
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where [ , ] is the Schouten-Nijenhuis bracket, and one has the Lichnerowicz-
Poisson (LP) cohomology spaces (e.g., [9])
HkLP (M,w) =
Ker (σ : Vk(M) −→ Vk+1(M))
Im (σ : Vk−1(M) −→ Vk(M)) .
For a modular vector field one has σ∆µ = 0 [5], and ∆µ is a 1−cocycle.
Therefore it defines a 1−dimensional LP-class ∆ = [∆µ] ∈ H1LP (M,w). It is
easy to see that this class does not depend on µ; it is called the modular class
of the Poisson manifold (M,w) [5, 12].
We want to discuss the relation between the modular classes of (M,w)
and of (TM,wC).
Let g be a Riemannian metric on the oriented manifold M. Then
(1.17) dVg =
√
det g dx1 ∧ ... ∧ dxn
is a volume form on M, and it follows easily that
(1.18) Φ = (det g)dx1 ∧ ... ∧ dxn ∧ dy1 ∧ ... ∧ dyn
is a volume form on TM (the volume form of the Sasaki metric associated
to g [2]).
PROPOSITION 1.7. The modular vector field of (TM,wC,Φ) is given by
(1.19) ∆TMΦ = 2(∆
M
dVg
)V ,
where the upper index V denotes the vertical lift in the sense of [13] .
Proof. With (1.1), a Hamiltonian vector field on (M,w) has the form
(1.20) Xwf = {f, ·}w =
∂f
∂xi
wij
∂
∂xj
(f ∈ C∞(M)) ,
and the definition of the modular vector field leads to
(1.21) ∆dVg =
n∑
k=1
(
∂wik
∂xk
+ wik
∂ ln
√
det g
∂xk
)
∂
∂xi
.
Then, if F ∈ C∞(TM), (1.2) gives for the Hamiltonian vector field XwCF
the expression
(1.22) Xw
C
F =
∂F
∂yk
wki
∂
∂xi
+
(
∂F
∂xk
wki +
∂F
∂yk
yh
∂wki
∂xh
)
∂
∂yi
,
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and a straightforward computation yields the modular vector field
(1.23) ∆Φ =
n∑
k=1
2
(
∂wik
∂xk
+ wik
∂ ln
√
det g
∂xk
)
∂
∂yi
.
This exactly is the required result.
COROLLARY 1.8. The modular class of the Poisson manifold (TM,wC)
is represented by 2∆Vµ , for every modular vector field ∆µ of the base manifold
(M,w).
Proof. Proposition 1.7 shows that the result is true for the field ∆dVg .
Since from (1.20), (1.22) one also gets
(σwf)
V = σwC (f ◦ π), f ∈ C∞(M), π : TM −→ M,
the result is true for any other modular vector field of (M,w).
It is also worthwhile to notice the following result.
PROPOSITION 1.9. The complete lift of multivector fields induces a
homomorphism of cohomology algebras
(1.24) [Q] ∈ H∗LP (M,w) 7−→ [QC ] ∈ H∗LP (TM,wC) .
Proof. The complete lift of multivector fields is the natural extension of
the complete lift of vector fields, and is compatible with the Lie bracket [13].
Therefore, since the Schouten-Nijenhuis bracket extends the Lie bracket e.g.,
[9], if Q1, Q2 ∈ V(M),
[Q1, Q2]
C = [QC1 , Q
C
2 ] ,
where the bracket is the Schouten-Nijenhuis bracket. This implies
(1.25) (σwQ)
C = σwCQ
C ,
and it follows that (1.24) is a homomorphism.
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2. Graded Poisson structures on tangent
bundles
Recall that on TM we have the spaces of fiberwise polynomial functions HPk
given by (1.14). Denote by
Pk(TM) :=
k⊕
h=0
HPh , P(TM) :=
⋃
k≥0
Pk ,
the space of fiberwise non homogeneous polynomials of degree ≤ k, and the
polynomial algebra.
In particular, we have the space A(TM) := P1(TM) of affine functions
a(x, y) = f(x) + l(α) , f ∈ C∞(M), α ∈ Ω1(M),
where l(α) was defined in Section 1, and the space P2(TM) of non-homogeneous
quadratic polynomials:
p(x, y) = f(x) + l(α) + s(G)
where G = Gijdx
i ⊙ dxj is a symmetric covariant tensor field on M and
s(G) := G˜ is defined in (1.14). Here and in the whole paper, when speaking
of polynomials on TM, we always mean fiberwise polynomials.
DEFINITION 2.1. A Poisson structure W on TM is called polynomially
graded if P(TM) is closed by Poisson brackets and ∀F,G ∈ P(TM)
(2.1) F ∈ Ph, G ∈ Pk =⇒ {F,G}W ∈ Ph+k .
PROPOSITION 2.2. A polynomially graded Poisson structure W on TM
induces a Poisson structure w on the base manifold M, such that the projec-
tion π : (TM,W ) −→ (M,w) is a Poisson mapping.
Proof. If f ∈ C∞(M), f = f ◦ π is a polynomial of degree zero on TM.
Thus, by (2.1), ∀f, g ∈ C∞(M), and
(2.2) {f, g}w := {f ◦ π, g ◦ π}W ,
defines a Poisson structure w on M.
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Hereafter, we write f for both f ∈ C∞(M), and f ◦ π ∈ C∞(TM). The
bracket { , }W will be denoted simply by { , }.
Proposition 2.2 tells us that the polynomially graded Poisson structures
W of TM (if any) are lifts of Poisson structures w of M i.e., π : (TM,W )→
(M,w) is a Poisson mapping. We suggest that the general problem of look-
ing for lifts of Poisson structures of a manifold to its tangent bundle is an
interesting problem.
The polynomially graded Poisson structure W is completely determined
if, along with the brackets {f, g}, we also define the brackets {l(α), f} and
{l(α), l(β)}, where α, β ∈ Ω1(M).
By (2.1), the bracket {l(α), f} ∈ P1(TM) i.e.,
(2.3) {l(α), f} = Xαf + l(γαf) ,
where Xαf ∈ C∞(M) and γαf ∈ Ω1(M).
Since {l(α), . }|C∞(M) is a derivation of C∞(M), it follows that Xα is
a vector field on M, and the mapping γα : C
∞(M) −→ Ω1(M) also is a
derivation. Therefore, γαf only depends on df.
The Leibniz rule implies
{l(hα), f} = h(Xαf) + l((Xwh f)α + h(γαf)) .
Hence γ must satisfy
(2.4) γhαf = hγαf + (X
w
h f)α .
Similarly, the bracket {l(α), l(β)} must have an expression of the form
(2.5) {l(α), l(β)} = U(α, β) + l(Φ(α, β)) + s(Ψ(α, β)) ,
where
U(α, β) ∈ C∞(M), Φ(α, β) ∈ Ω1(M), Ψ(α, β) ∈ S2(T ∗M)
are skew-symmetric operators. A replacement of β by fβ in (2.5) leads to
U(α, fβ) = fU(α, β) ,
whence, U is a bivector field on M, and
(2.6) Φ(α, fβ) = fΦ(α, β) + (Xαf)β , Ψ(α, fβ) = fΨ(α, β) + γαf ⊙ β .
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On the other hand, if (xi) are local coordinates on M, if yi = l(dxi), and
if w is the Poisson structure introduced by Proposition 2.2, Definition 2.1
tells us that the local coordinate expression of W must be of the form
(2.7) W =
1
2
wij(x)
∂
∂xi
∧ ∂
∂xj
+ (ϕij(x) + yaAija (x))
∂
∂xi
∧ ∂
∂yj
+
1
2
(ηij(x) + yaχija (x) + y
aybBijab(x))
∂
∂yi
∧ ∂
∂yj
,
where w, ϕ, A, η, χ, B are local functions on M.
DEFINITION 2.3. A polynomially graded Poisson structureW on TM is
said to be a graded structure if ∀F ∈ HPh, ∀G ∈ HPk, {F,G}W ∈ HPh+k .
The conditions for a polynomially graded structure on TM to be graded
are Xα = 0, U = 0, Φ = 0, and then (2.7) reduces to
(2.8) W =
1
2
wij(x)
∂
∂xi
∧ ∂
∂xj
+yaAija (x)
∂
∂xi
∧ ∂
∂yj
+
1
2
yaybBijab(x)
∂
∂yi
∧ ∂
∂yj
.
For a later utilization, we also give
DEFINITION 2.4. A bivector field W on TM which is locally of the
form (2.7) (respectively, (2.8)) is called a polynomially graded (respectively,
graded) bivector field.
In this case we may speak of a skew-symmetric bracket
(2.9) {F,G}W := W (dF, dG) (F,G ∈ C∞(TM))
which satisfies the Leibniz rule, but, generally, not the Jacobi identity.
PROPOSITION 2.5. If W is a graded Poisson structure on TM, the
equality
(2.10) {l(α), f} = −l(Ddfα) , α ∈ Ω1(M), f ∈ C∞(M)
defines a flat contravariant connection on the Poisson manifold (M,w).
Proof. By a contravariant connection on (M,w) we understand a con-
travariant derivative on the bundle T ∗M with respect to the Poisson struc-
ture [9].
With (2.3), condition (2.10) means that
(2.11) Ddfα := −γαf ,
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and (2.4) has the equivalent form
Ddf (hα) = hDdfα + ((df)
♯h)α , α ∈ Ω1(M), f, h ∈ C∞(M) ,
which is the characteristic property of a contravariant connection on a Poisson
manifold.
Let us extend (2.11) by
(2.12) Dg(df)α := gDdfα , ∀g ∈ C∞(M) .
The extension is correct because it is compatible with definition (2.10): if
g(df) = dh (h ∈ C∞(M)), then
−l(Ddhα) = {l(α), h} = W (dl(α), dh)
= gW (dl(α), df) = g{l(α), f} = −gl(Ddfα),
hence Ddhα = gDdfα as needed.
The curvature of this connection is [9]
CD(df, dg)α = DdfDdgα−DdgDdfα−D{df,dg}α ,
and it is easy to see that its annulation is equivalent to the Jacobi identity
(2.13) {{l(α), f}, g}+ {{f, g}, l(α)}+ {{g, l(α)}, f} = 0 .
REMARK 2.6. For any polynomially graded bivector field W such that
the first term of (2.7) is a Poisson bivector on M, it follows similarly that
(2.11) and (2.12) define a contravariant connection D on (M,w) but, gener-
ally, its curvature is not zero.
Now, let us make some remarks concerning the operator Ψ of a graded
Poisson structure on TM, where
(2.14) {l(α), l(β)} = s(Ψ(α, β)) .
With (2.10), the second relation (2.6) becomes
(2.15) Ψ(α, fβ) = fΨ(α, β)− 1
2
(Ddfα⊗ β + β ⊗Ddfα) .
Hence, Ψ : T ∗M × T ∗M −→ ⊙2T ∗M is a bidifferential operator of the first
order.
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The relation (2.15) allows us to derive the local coordinate expression of
Ψ. Put
(2.16) Ddxidx
j = Γijk dx
k , α = αidx
i, β = βjdx
j .
It follows that
(2.17) Ψ(α, β) = αiβjΨ(dx
i, dxj)
+
(
Γkjp δ
i
qβj
∂αi
∂xk
− Γkip δjqαi
∂βj
∂xk
)
dxp ⊙ dxq + wkh∂αp
∂xh
∂βq
∂xk
dxp ⊙ dxq .
PROPOSITION 2.7. If G is a symmetric covariant tensor field on M
and G˜ = Gi1...iky
i1...yik is its corresponding polynomial (see (1.14)) then, for
any graded Poisson bivector field W on TM , one has
(2.18) {G˜, f}W = −D˜dfG .
Proof. Here, Ddf is the extension of the operator of contravariant deriva-
tive D to S(T ∗M) i.e.,
(DdfG)(X1, ..., Xk) = X
w
f (G(X1, ..., Xk))−
k∑
i=1
G(X1, ..., DdfXi, ..., Xk) ,
where X1, ..., Xk ∈ V1(M), and DdfX is defined by
< DdfX, λ >= X
w
f < X, λ > − < X,Ddfλ >, λ ∈ Ω1(M) .
Using the Leibniz rule, we have
{G˜, f} = {Gi1...ik , f}yi1...yik +
k∑
l=1
{yil, f}Gi1...ikyi1...yˆil...yik .
But,
{yi, f} = {l(dxi), f} = −l(Ddfdxi) = − ∂f
∂xa
Γaih y
h .
Hence
{G˜, f} = −yi1...yik
(
Xwf (Gik...ik) +
k∑
l=1
∂f
∂xa
Γahil Gi1...il−1hil+1...ik
)
.
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The same expression is found for − ˜(DdfG).
PROPOSITION 2.8. If we define an operator Ddf which acts on Ψ by
(2.19) (DdfΨ)(α, β) := Ddf (Ψ(α, β))−Ψ(Ddfα, β)−Ψ(α,Ddfβ) ,
the Jacobi identity
(2.20) {{l(α), l(β)}, f}+ {{l(β), f}, l(α)}+ {{f, l(α)}, l(β)} = 0
is equivalent to
(2.21) (DdfΨ)(α, β) = 0 , ∀α, β ∈ Ω1(M).
Proof. Express (2.20) by means of (2.10), (2.14) and (2.18) for G =
Ψ(α, β).
Notice that
(2.22) (DdfΨ)(α, hβ) = h(DdfΨ)(α, β)− [CD(df, dh)α]⊙ β .
Hence DdfΨ is a bidifferential operator of the second order. Furthermore,
from (2.22) we can see that (2.21) is invariant by α 7→ fα, β 7→ gβ (f, g ∈
C∞(M)) iff the curvature CD = 0.
In order to discuss the Jacobi identity
(2.23)
∑
(α,β,γ)
{{l(α), l(β)}, l(γ)} = 0
(putting indices between parentheses denotes that summation is on cyclic
permutations of these indices), let us remark the existence of an operator Ξ
such that
(2.24) {s(G), l(γ)} = ˜Ξ(G, γ) ,
where G ∈ S2(T ∗M), γ ∈ Ω1(M), Ξ(G, γ) is a symmetric 3-covariant tensor
field on M, and tilde is the isomorphism (1.15).
By replacing G by fG and γ by hγ, where f, h ∈ C∞(M), we get
(2.25) Ξ(fG, hγ) = fhΞ(G, γ)−f(DdhG)⊙γ+hG⊙Ddfγ+{f, h}wG⊙γ ,
which can be used to get the local coordinate expression
(2.26) Ξ(G, γ) = GijγkΞ(dx
i ⊙ dxj , dxk) + 1
3
∑
(i,j,k)
(−Ghj ∂γk
∂xa
Γahi
14
−Ghi ∂γk
∂xa
Γahj + γh
∂Gij
∂xa
Γahk + w
ab∂Gij
∂xa
∂γk
∂xb
)dxi ⊙ dxj ⊙ dxk ,
where Γ are the local coefficients of the contravariant connection D defined
by (2.16).
Using the operator Ξ, the Jacobi identity (2.23) becomes
(2.27)
∑
(α,β,γ)
Ξ(Ψ(α, β), γ) = 0 .
We may summarize our analysis by
PROPOSITION 2.9. The graded bivector field W on TM is a Poisson
bivector iff:
a) the induced bivector field w on M is Poisson;
b) the associated contravariant connection D is flat;
c) the equalities (2.21) and (2.27) hold.
In this case, the projection π : (TM,W ) −→ (M,w) is a Poisson map-
ping.
To get examples, we consider the following situation.
Suppose that the symplectic foliation S of an n−dimensional Poisson
manifold (M,w) is contained in a regular foliation F on M , such that TF
is a foliated bundle i.e., there are local bases {Yu} (u = 1, ..., p, p = rank F)
of TF with transition functions constant along the leaves of F . Consider a
decomposition
(2.28) TM = TF ⊕ νF ,
where νF is a complementary subbundle of TF , and F−adapted local coor-
dinates (xa, yu) (a = 1, ..., n− p) on M [8]. Then,
(2.29)
TF = span
{
∂
∂yu
}
= span{Yu},
νF = span
{
Xa :=
∂
∂xa
− tua ∂∂yu
}
,
for some local function tua = t
u
a(x, y). Furthermore, if {Yu}, {Y˜v} are local
bases of the foliated structure of TF over the open neighborhoods U, U˜ ⊆M,
then
(2.30) Y˜v = a
u
v(x)Yu , (u, v = 1, ..., p)
over the connected components of U ∩ U˜ .
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Since S ⊆ F , the Poisson bivector w is of the form
(2.31) w =
1
2
wuv(x, y)
∂
∂yu
∧ ∂
∂yv
(wvu = −wuv).
Now, ∀ V ∈ TM , V = ξaXa+ ηuYu, and we may consider (xa, yu, ξa , ηu)
as distinguished local coordinates on TM. The transition functions of these
coordinates over the connected components of intersections of coordinate
neighborhoods are of the form
(2.32) x˜a = x˜a(x), y˜u = y˜u(x, y), ξ˜a =
∂x˜a
∂xb
ξb, η˜u = buv(x)η
v ,
where buva
v
w = δ
u
w and a, b = 1, ..., n− p; u, v = 1, ..., p.
PROPOSITION 2.10. Under the previous hypotheses, the tangent bundle
TM has a graded Poisson bivector W, which has the expression (2.31) with
respect to the distinguished local coordinates.
Proof. It follows from (2.32) that
(2.33) W =
1
2
wuv(x, y)
∂
∂yu
∧ ∂
∂yv
is a global tensor field on TM. Moreover, since [W,W ] has the same expres-
sion as on M, W is a Poisson bivector.
To prove thatW is graded we also consider natural coordinates (x˜a, y˜u, za,
zu) on TM, where (za, zu) are the vector coordinates with respect to the
bases {∂/∂x˜a, ∂/∂y˜u}. The transition functions to these coordinates are of
the following local form
(2.34) x˜a = xa, y˜u = yu, za = ξa, zu = −tua(x, y)ξa + αuv (x, y)ηv ,
where the coefficients αuv are defined by Yv =
∑
u α
u
v(∂/∂y
u). Accordingly,
∂
∂yu
=
∂
∂y˜u
+
(
− ∂t
v
a
∂yu
ξa +
∂αvt
∂yu
ηt
)
∂
∂zv
(a = 1, ..., n− p; u, v, t = 1, ..., p),
and (2.34) shows that (2.33) turns into an expression of type (2.8).
Proposition 2.10 has the following interesting particular cases:
a) The Poisson structure w of M is regular, and the bundle TS is a
foliated bundle; in this case, we take F = S.
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b) S is contained in a leaf-wise, locally affine, regular foliation F . This
means that we have F−adapted, local coordinates (xa, yu) with local transi-
tion functions
y˜v = pvu(x)y
u + qv(x) ,
and we may use the local vector fields Yu = ∂/∂y
u .
c) The Poisson manifold (M,w) has a flat linear connection ∇, possibly
with torsion. Then, we may take as leaves of F the connected components
of M, and the vector fields Yu to be local ∇−parallel vector fields. (Then, in
(2.30) we have locally constant coefficients auv .)
In particular, the result applies for a locally affine manifold M (where ∇
has no torsion), and for a parallelizable manifold M (where we have global
vector fields Yu).
As a consequence, we see that Proposition 2.10 holds for the Lie-Poisson
structure of any Lie coalgebra G∗ [9], which means that TG∗ = G∗ × G∗ has
a graded Poisson structure.
3. Transversal Poisson structures of foliations
and graded bivector fields on tangent bundles
The results of the previous section indicate that the conditions for the ex-
istence of a graded Poisson structure on a tangent bundle TM are rather
restrictive. On the other hand, we will show in this section that more gen-
eral, but still interesting, graded bivector fields always exist.
We begin with the following general definition. Let F be an arbitrary
regular foliation, with p−dimensional leaves, on an n−dimensional manifold
N. We denote by C∞fol(N) the space of differentiable functions on N which
are constant along the leaves of F (foliated functions).
DEFINITION 3.1. A transversal Poisson structure of (N,F) is a bivector
field w on N such that
(3.1) {f, g} := w(df, dg) , f, g ∈ C∞(N)
restricts to a Lie algebra bracket on C∞fol(N).
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PROPOSITION 3.2. The bivector field w ∈ V2(N) defines a transversal
Poisson structure of the foliation F iff
(3.2) (LYw)|Ann TF = 0 , [w,w]|Ann TF = 0 ,
for all Y ∈ Γ(TF).
Proof. The annihilator space Ann TF ⊆ Ω1(N) is
Ann TF = span{df / f ∈ C∞fol(N)}
i.e., f ∈ C∞fol(N) iff, ∀ Y ∈ Γ(TF), Y f = 0.
Accordingly, if f, g ∈ C∞fol(N) one has
(LYw)(df, dg) = Y (w(df, dg)) = Y {f, g} ,
and we see that the first condition (3.2) is equivalent with {f, g} ∈ C∞fol(N),
∀f, g ∈ C∞fol(M).
The second condition (3.2) is a direct consequence of the formula (e.g.
[4]):
(3.3) [w,w](df, dg, dh) = 2
∑
(f,g,h)
{{f, g}, h}.
Consider again a decomposition (2.28), and F−adapted local coordinates
(xa, yu) (a = 1, ..., n− p, u = 1, ..., p) on N such that (2.29) holds (with no
reference to any fields Yu this time). Then
(3.4) w =
1
2
wabXa ∧Xb + wauXa ∧ ∂
∂yu
+
1
2
wuv
∂
∂yu
∧ ∂
∂yv
,
and the first condition (3.2) means that, locally, wab = wab(x).
Although this is not our main subject, we will derive some more facts
about transversal Poisson structures of foliations.
PROPOSITION 3.3. The Hamiltonian vector field Xf := i(df)w of a
foliated function f is a foliated vector field (i.e., projectable on the space of
leaves).
Proof. A vector field Z ∈ ΓTN is foliated if ∀ Y ∈ Γ(TF), LY Z ∈ Γ(TF).
But, if Y ∈ Γ(TF) and g ∈ C∞fol(N) then, by (3.2),
(LYXf)g = dg(LY (♯w(df)) = (LYw)(df, dg) + w(d(Y f), dg) = 0 .
18
Therefore LYXf ∈ Γ(TF).
DEFINITION 3.4. The generalized distribution D defined by
(3.5) Dx = span{ Y (x), Xf (x) / Y ∈ Γ(TF), f ∈ C∞fol(N)} (x ∈ N)
is called the characteristic distribution of w on (N,F).
PROPOSITION 3.5. The characteristic distribution D of a transversal
Poisson structure of a foliation is completely integrable, and each leaf Σ of D
is a presymplectic manifold, with a presymplectic 2−form of kernel TF|Σ.
Proof. Brackets of the form [Y1, Y2], [Y,Xf ], Y1, Y2, Y ∈ Γ(TF), f ∈
C∞fol(N) belong to D because F is a foliation, and because of Proposition
3.3. The latter also shows that ∀ f, g, h ∈ C∞fol(N),
dh([Xf , Xg]−X{f,g}) = 0 ,
whence
[Xf , Xg] = X{f,g} + Y, Y ∈ Γ(TF) .
Thus, the distribution D is involutive.
Furthermore, let U be an F−adapted coordinate neighborhood, and p :
U −→ V , V := U/U ∩ F the submersion onto the corresponding space
of slices. Because of Proposition 3.3, the distribution p∗(D) exists on V,
and, obviously, it precisely is tangent to the symplectic distribution of the
Poisson structure induced by the first term of (3.4) on V. It follows that
p∗(D) has a constant dimension along the integral paths of the vector fields
p∗Xf (f ∈ C∞fol(N)). Hence D = p−1∗ (p∗(D)) has a constant dimension along
the integral paths of the vector fields Xf . D also has a constant dimension
along the integral paths of vector fields Y ∈ Γ(TF) because p∗(D) does not
change along such paths.
Now, the complete integrability of D follows from one of the versions of
the Frobenius-Sussmann-Stefan theorem, Theorem 2.9′′ of [9].
The leaves Σ of the characteristic distribution D are immersed submani-
folds of N which are foliated by the corresponding restriction of F , and are
sent by the submersion p : U −→ V := U/U∩F encountered above to sym-
plectic manifolds, included in the symplectic leaves, say σ, of the projection
of the first term of (3.4). It is obvious that the symplectic forms of σ lift to
a global, closed 2−form λ on Σ, with the kernel TF|Σ.
As a matter of fact, we may notice that w produces more than just a
presymplectic structure on the leaves Σ of D. It also produces the generalized
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distribution
E := ♯w Ann(TF) = span {Xf / f ∈ C∞fol(N)}
which has a restriction of constant rank on each leaf Σ, such that TΣ =
T (F|Σ)⊕E|Σ .
Now we return to the tangent bundles TM. All of them have the vertical
foliation F by fibers with the tangent distribution V := TF .
The set of foliated functions on TM, may be identified with C∞(M).
PROPOSITION 3.6. Any polynomially graded bivector field W on TM,
which is π related with a Poisson structure of M is a transversal Poisson
structure of (TM, V ).
Proof. π is the projection TM −→M, and if we take W as in (2.7), W is
π−related with the tensor w defined on M by the first term of (2.7). Then,
(3.1) obviously holds.
DEFINITION 3.7. A transversal Poisson structure of the vertical foliation
of TM will be called a semi-Poisson structure on TM.
In particular, the structures of Proposition 3.6 are polynomially graded
semi-Poisson structures.
In what follows, we will discuss a class of graded semi-Poisson structures
of a tangent bundle TM and show how to construct all the graded semi-
Poisson bivector fields on TM which have a given induced Poisson structure
w on the base manifold.
Let us consider a Poisson bivector w on M. Recall that a semispray (a
second order differential equation) [6] on M is a vector field S on TM such
that FS = E, where F = (∂/∂yi)⊗ dxi is the natural almost tangent struc-
ture and E = yi(∂/∂yi) is the Euler vector field on TM. The local coordinate
expression of S is of the form
(3.6) S = yi
∂
∂xi
+ σi(x, y)
∂
∂yi
.
Let ∇ be a torsionless linear connection on M, with the local coefficients
Γkij and S its associated semispray (the geodesic spray) given by
S = yi
δ
δxi
,
δ
δxi
:=
∂
∂xi
− ykΓjik
∂
∂yj
.
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PROPOSITION 3.8. If (M,w) is a Poisson manifold then the bivector
field
(3.7) W = −1
2
LSwC ,
where wC is the complete lift of w to TM, defines a graded semi-Poisson
structure on TM.
Proof. If the local coordinate expression of w is (1.1), wC is given by
(1.2), and we get
(3.8) W =
1
2
wij(x)
∂
∂xi
∧ ∂
∂xj
− yawikΓjka
∂
∂xi
∧ ∂
∂yj
− 1
4
yayb(
∂2wij
∂xa∂xb
−∂w
ij
∂xk
Γkab + w
kj ∂Γ
i
ab
∂xk
− wki∂Γ
j
ab
∂xk
+ 2
∂wkj
∂xb
Γika − 2
∂wki
∂xb
Γjka)
∂
∂yi
∧ ∂
∂yj
.
From (3.7), it follows that
(3.9) {F1, F2}W := W (dF1, dF2) =
= −1
2
(LS{F1, F2}wC − {LSF1, F2}wC − {F1,LSF2}wC) ,
where F1, F2 ∈ C∞(TM).
For further reference, we will say that W of (3.7), (3.8) is the graded
∇−lift of the Poisson structure w of M . We are going to describe it in a
different form below.
First, ∀H ∈ Sk(T ∗M), define s∇H ∈ Sk+1(T ∗M) by
s∇H(X1, ..., Xk+1) = 1
k + 1
k+1∑
i=1
(∇XiH)(X1, ..., Xˆi...Xk+1) .
Then, with the notation of (1.15), it follows easily that
(3.10) LSH˜ = ˜s∇H .
If G1, G2 ∈ S(T ∗M), using (1.16) and (3.10), we get the explicit formula
(3.11) {G˜1, G˜2}W = −1
2
ι(s∇ < G1, G2 >
− <s ∇G1, G2 > − < G1,s∇G2 >) ,
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where < , > is the Schouten-Nijenhuis bracket of symmetric tensors, and ι
is the isomorphism (1.15).
PROPOSITION 3.9. The graded ∇−lift W of w is characterized by:
i) The Poisson structure induced by W on the base manifold coincides
with the given Poisson structure w on M, i.e.
(3.12) {f, g}W = {f, g}w , ∀f, g ∈ C∞(M);
ii) for every f ∈ C∞(M) and α ∈ Ω1(M)
(3.13) {l(α), f}W = −l(∇Xfα) ;
iii) for any Pfaff forms α and β of M we have
(3.14) {l(α), l(β)}W = −1
2
ι(s∇ < α, β > − <s ∇α, β > − < α,s∇β >) .
Proof. i) If f, g ∈ C∞(M), from (3.9) and the definition of wC in Section
1, we get
{f, g}W = 1
2
({LSf, g}wC + {f,LSg}wC) =
1
2
({l(df), g}wC − {l(dg), f}wC)
=
1
2
(Xwf g −Xwg f) = {f, g}w .
ii) For f ∈ C∞(M) and α ∈ Ω1(M), (3.11) becomes
(3.15) {l(α), f}W = −1
2
(LS{l(α), f}wC −{LSl(α), f}wC −{l(α),LSf}wC) .
Here, we have
{l(α), f}wC = −α(Xf ) , LS{l(α), f}wC = −l(d(α(Xf))) ,
and, with (3.10), (1.13) and (1.16),
{LSl(α), f}wC = −l(iXf (s∇α)) .
Finally, we have
{l(α),LSf}wC = {l(α), l(df)}wC = l({α, df})
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= −l(LXfα) = −l(d(α(Xf)) + iXfdα) .
With these results (3.15) gives
(3.16) {l(α), f}W = −1
2
l[iXf (dα +
s ∇α)] .
Since the torsion of ∇ vanishes we have
2(dα)(X, Y ) = (∇Xα)Y − (∇Y α)X , X, Y ∈ χ(M) ,
and
dα +s ∇α = ∇α ,
where ∇α is the 2−covariant tensor field defined by ∇α(X, Y ) = (∇Xα)(Y ),
∀X, Y ∈ V1(M), and (3.16) exactly becomes (3.13).
iii) (3.14) is a direct consequence of (3.11).
REMARK 3.10. Comparing the relation (3.13) with (2.10) we see that the
contravariant derivative D associated to the graded semi-Poisson structure
W is the contravariant derivative induced by the linear connection ∇ (see
[9]).
REMARK 3.11. The relation (3.14) provides us the expression of the
operator ΨW associated to W (see 2.14) :
(3.17) ΨW (α, β) = −1
2
(s∇ < α, β > − <s ∇α, β > − < α,s∇β >) .
Now, we will prove
PROPOSITION 3.12. Let (M,w) be a Poisson manifold. The graded
semi-Poisson structures W on TM for which the canonical projection π :
(TM,W ) −→ (M,w) is a Poisson mapping are defined by the relations
{f, g}W = {f, g}w , {l(α), f}W = −l(Ddfα), {l(α), l(β)}W = s(Ψ(α, β)) ,
f, g ∈ C∞(M), α, β ∈ Ω1(M), where D is an arbitrary contravariant connec-
tion of (M,w) and the operator Ψ is given by
(3.18) Ψ = Ψ0 + A+ T ,
with terms as follows: Ψ0 is the operator Ψ of a fixed graded semi-Poisson
structure W0, A : T
∗M ×T ∗M −→ ⊙2T ∗M is a skew-symmetric, first order,
bidifferential operator with the property
(3.19) A(α, fβ) = fA(α, β)− τ(df, α)⊙ β ,
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where τ is a tensor field of type (2, 1) onM, and T ∈ Γ((∧2TM)⊗(⊙2T ∗M)).
Proof. If D is the contravariant derivative associated to W in Remark
2.6, then, to change it, means to use a connection D
′
= D + τ, where τ is
a tensor field of type (2, 1) on M. Accordingly, from (2.15) it follows that
Ψ
′ − Ψ is a bidifferential operator with the property (3.19). Then, with the
contravariant connection D chosen, we see from (2.15) again, that the only
possible change of Ψ consist in adding a tensor T.
REMARK 3.13. An example of operator Ψ0 is provided by ΨW given by
(3.17).
Notice that a given Poisson structure w on M may have no graded Pois-
son lift to TM. In particular, a flat contravariant connection D may not
exist. Indeed [9], one can mimic the Chern-Weil construction of characteris-
tic classes and associate to each Poisson manifold (M,w), Pontriagin-Poisson
classes pk(M,w) which are the image of the usual Pontriagin classes in the
LP−cohomology by the homomorphism
♯ : [λ] ∈ HkDR(M) 7−→ [λ♯] ∈ HkLP (M) .
If a flat D exists, all pk(M,w) = 0. Thus, if a non zero Pontriagin-Poisson
class exists, there is no flat connection D.
4. Horizontal lifts of a Poisson structure
In this section, we define horizontal lifts of a Poisson bivector w to the tangent
bundle of the Poisson manifold (M,w) and study the conditions for these lifts
to be Poisson bivectors, and to be compatible with the complete lift wC .
Let M be an n−dimensional manifold and π : TM −→ M its tangent
bundle. On TM, we consider a nonlinear connection i.e., a distribution H,
called horizontal, such that T (TM) = H ⊕ V, where V denotes the vertical
distribution tangent to the fibers of TM [6, 7]. If (xi) are local coordinates
on M and (xi, yj) ((i, j = 1, ..., n)) are the induced coordinates on TM (see
Section 1), we have bases of the form
(4.1) V = span
{
∂
∂yi
}
, H = span
{
δ
δxi
:=
∂
∂xi
− Γji
∂
∂yj
}
,
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and Γij are called the coefficients of the connection.
Equivalently, the nonlinear connection may be seen as an almost product
structure Γ on TM such that the eigendistribution corresponding to the
eigenvalue −1 is the vertical distribution V [6]. Then
h =
1
2
(Id+ Γ) : TM −→ H
is the horizontal projector of Γ, and the curvature R of the connection is the
Nijenhuis tensor
R(X, Y ) = −Nh(X, Y ) = −[hX, hY ] + h[hX, Y ] + h[X, hY ]− h[X, Y ] ,
where X, Y ∈ V1(TM). R vanishes if at least one argument is in V , and
always takes values in V , hence, locally, we may write [6]
(4.2) R =
1
2
Rkijdx
i ∧ dxj ⊗ ∂
∂yk
, Rkij =
δΓkj
δxi
− δΓ
k
i
δxj
.
Then, we get
(4.3)
[
δ
δxi
,
δ
δxj
]
= −Rkij
∂
∂yk
,
[
δ
δxi
,
∂
∂yj
]
=
∂Γki
∂yj
∂
∂yk
.
In particular, H is involutive iff R = 0.
Let us consider a bivector w on the base manifold M, having the local
coordinate expression (1.1).
DEFINITION 4.1. The horizontal lift of w to the tangent bundle TM ,
with respect to the connection Γ is the (global) bivector field wH defined by
(4.4) wH =
1
2
wij(x)
δ
δxi
∧ δ
δxj
.
Notice that the horizontal lift (4.4) is different from that of [13].
PROPOSITION 4.2. Let (M,w) be a Poisson manifold. If the horizontal
distribution H is defined by a linear connection ∇ on M , the bivector wH
defines a graded semi-Poisson structure on TM.
Proof. With respect to the bases (∂/∂xi, ∂/∂yj), the expression of wH is
of the form (2.8).
PROPOSITION 4.3. A horizontal lift wH is a Poisson bivector on TM
iff w is a Poisson bivector on the base manifold M and
(4.5) R(XHf , X
H
g ) = 0, ∀f, g ∈ C∞(M) ,
25
where Xf denotes the w−Hamiltonian vector field of f and XHf is the hori-
zontal lift of Xf [13].
Proof. A straightforward computation yields the Schouten-Nijenhuis bracket
(4.6) [wH, wH ] =
1
3
 ∑
(i,j,k)
whk
∂wij
∂xh
 δ
δxi
∧ δ
δxj
∧ δ
δxk
+
+whiwljRkhl
δ
δxi
∧ δ
δxj
∧ ∂
∂yk
.
Since the vanishing of the first term of (4.6) is equivalent to [w,w] = 0 on
M, wH is a Poisson bivector on TM iff w is a Poisson bivector on M and
(4.7) wihwjlRkhl = 0 .
The latter equation has the equivalent form
(4.8) R((♯wα)
H , (♯wβ)
H) = 0, ∀α, β ∈ Ω1(M) ,
which is also equivalent to (4.5).
REMARKS 4.4.
i) If wH is a Poisson bivector, the projection π : (TM,wH) −→ (M,w) is
a Poisson mapping.
ii) If w is defined by a symplectic form on M, condition (4.5) becomes
R = 0.
COROLLARY 4.5. If (M,w) is a Poisson manifold and the connection
Γ on TM is defined by a covariant derivative ∇ on M , the bivector wH
defines a Poisson structure on TM iff the curvature CD of the contravariant
connection induced by ∇ on TM vanishes. In this case, wH is a graded
Poisson structure on TM .
Proof. Remember that D is defined by Ddf = ∇Xf , and we may see this
operator as acting either on T ∗M or on TM [9].
If Γkij are the connection coefficients of ∇, Γki = Γkij(x)yj and Rkij =
yhRkhij , where R
k
hij are the components of the curvature R∇. Condition (4.7)
becomes
(4.9) R∇(♯α, ♯β)Z = 0, ∀α, β ∈ Ω1(M), ∀Z ∈ V1(M) ;
(equivalently,
(4.9′) R∇(Xf , Xg)Z = 0 ∀f, g ∈ C∞(M) , ∀Z ∈ V1(M) ).
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This condition is equivalent to CD = 0. .
If the connection Γ on TM is defined by a covariant derivative ∇ on
M, the conditions for the graded bivector field wH to be Poisson are simpler
than those of Proposition 2.9, and (2.21) , (2.27) must be consequences of the
conditions of Proposition 4.3. Furthermore, one can check that the operators
Ψ and Ξ of wH (see (2.14), (2.24)) are given by
(4.10) ΨwH (α, β)(X, Y ) =
1
2
[w((∇.α)X, (∇.β)Y ) + w((∇.α)Y,∇.β)X)] ,
(4.11) Ξ(G, γ)(X, Y, Z) =
1
3!
∑
(X,Y,Z)
w(∇.G)(X, Y ), (∇.γ)Z) ,
where α, β, γ ∈ Ω1(M), G ∈ S2(T ∗M), and ∇. means that we create a 1-form
which is evaluated on Z ∈ V1(M) by the application of ∇Z .
Let us consider an arbitrary Poisson structure W on TM.
Following [10], we would like to know whether there are semisprays on
TM which are Hamiltonian vector fields with respect to wH .
PROPOSITION 4.6. If the Poisson bivector w on M is not defined by a
symplectic structure, there are no wH−Hamiltonian semisprays on TM.
Proof. If F ∈ C∞(TM), then
Xw
H
F = w
ij δF
δxi
∂
∂xj
− wik δF
δxi
Γjk
∂
∂yj
and (3.6) shows that Xw
H
F is a semispray iff
(4.12) wij
δF
δxi
= yj .
(4.12) implies
−wjh ∂
∂yk
(
δF
δxh
)
= δjk ,
therefore, (wjh) is a non singular matrix.
Recall that two Poisson structures on a manifold M are compatible if the
bivector fields w1 and w2 satisfy the condition
(4.13) [w1, w2] = 0 ,
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or, equivalently, w1 + w2 also is a Poisson bivector field.
If wH is a Poisson bivector, it is natural to discuss its compatibility with
the complete lift wC of w.
PROPOSITION 4.7. Let w be a Poisson structure, and ∇ a symmetric
linear connection on M such that the associated contravariant connection of
TM has zero curvature. Then the Poisson bivector wH is compatible with
the complete lift wC iff
(4.14) iXf (∇2w) = 0, ∀f ∈ C∞(M) ,
where ∇2w = ∇∇w is the tensor field of type (2, 2) on M defined by
(∇2w)(X, Y ) = (∇X(∇w))Y = ∇X∇Yw −∇∇XYw, X, Y ∈ V1(M) .
Proof. We compute the bracket [wH, wC ] using the auxiliary notations
(4.15) aij := yk
∂wij
∂xk
+ Γikw
kj − Γjkwki , tkhl =
∂Γkh
∂yl
− ∂Γ
k
l
∂yh
.
By a straightforward computation, it follows that [wH , wC] = 0 is equiv-
alent to
(4.16) whiwjltkhl = 0 , w
hi
(
δajk
δxh
− alj ∂Γ
k
h
∂yl
+ alk
∂Γjh
∂yl
)
= 0 .
If Γ comes from a symmetric linear connection ∇ onM, the first condition
(4.16) holds, and the second condition (4.16) is the coordinate expression of
(4.14).
REMARK 4.8. For any w ∈ V2(M), one can see that Q = wH + wC is
a Poisson bivector iff w and wH are Poisson bivectors and wC is compatible
with wH .
Acknowledgement During the work on this paper, Gabriel Mitric held
a postdoctoral grant at the University of Haifa, Israel. He wants to thank
the University of Haifa, its Department of Mathematics, and, personally,
Professor Izu Vaisman for the grant and for hospitality during the period
when the postdoctoral program was completed.
28
References
[1] B. H. Bhaskara and K. Viswanath, Poisson algebras and Poisson mani-
folds. Pitman Research Notes in Math. 174, Longman Sci., Harlow and
N.York, 1988.
[2] P. Dombrowski, On the geometry of the tangent bundle. J. Reine Angew.
Mathematik, 210 (1962), 73-88.
[3] S. Kobayashi and K. Nomizu, Foundations of differential geometry, I.
Interscience, New York, 1963.
[4] Y. Kosmann-Schwarzbach and F. Magri, Poisson-Nijenhuis structures.
Ann. Inst. H. Poincare´, Phys. The´or., 53(1) (1990), 35-81.
[5] Y. Kosmann-Schwarzbach, Modular vector fields and Batalin-Vilkovisky
algebras. In: Poisson Geometry, (I. Grabowski and P. Urbanski, eds.),
Banach Center Publications, 51, Warsaw 2000, 109-129.
[6] M. de Leon and P.R. Rodrigues, Methods of Differential Geometry in
Analytical Mechanics. North-Holland Publ. Comp., Amsterdam, 1989,
482 pp.
[7] V. Oproiu, A Riemannian structure in Lagrange geometry. Rend. Sem.
Fac. Sci. Univ. Cagliari, 55 (1985), 1-20.
[8] I. Vaisman, Cohomology and Differential Forms. M. Dekker Inc., New
York, 1973.
[9] I. Vaisman, Lectures on the geometry of Poisson manifolds. Progress in
Math., 118, Birkha¨user, Basel, 1994.
[10] I. Vaisman, Second order Hamiltonian vector fields on tangent bundles.
Diff. Geometry and its Applications, 5 (1995), 153-170.
[11] A. Weinstein, Lagrangian mechanics and grupoids. Mechanics day (Wa-
terloo ON, 1992), Fields Inst. Commun., 7, AMS, Providence, RI, 1996,
207-231.
[12] A. Weinstein, The modular automorphism group of a Poisson manifold.
J. Geom. Phys. 23 (1997), 379-394.
29
[13] K. Yano and S. Ishihara, Tangent and Cotangent Bundles. M. Dekker
Inc., New York, 1973.
Gabriel Mitric Izu Vaisman
Catedra de Geometrie Department of Mathematics
Universitatea “Al. I. Cuza” Ias¸i University of Haifa
Romaˆnia Israel
gmitric@uaic.ro vaisman@math.haifa.ac.il
30
